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1. Theoretical Background 

1.1. Introduction 

Let A be a real m x n  matrix with m~_n. I t  is well known (cf. [4]) tha t  

A = U Z V  r (t) 
where 

U r U = V T V = V V r = I .  and 27 ---- diag (ai . . . . .  a ,) .  

The matrix U consists of n orthonormalized eigenvectors associated with the 
n largest eigenvalues of A A r, and  the matr ix V consists of the orthonormalized 
eigenvectors of A Z A. The diagonal elements of 27 are the non-negative square 
roots of the eigenvalues of A T A ;  they  are called singular values. We shall assume 
tha t  

al>=a2>=... >=a,~O. 

Thus if r a n k ( A ) = r ,  ct,+i=a,+ ~ . . . . .  a , = 0 .  The decomposition (t) is called 
the singular value decomposition (SVD). 

There are alternative representations to tha t  given by  (t). We m a y  write 

o r  

A = U , Z , V ,  z with U r U , = V ,  T V , = I ,  and Z , = d i a g ( a  1 . . . . .  e,). 

We use the form (l), however, since it is most  useful for computat ional  purposes. 

If  the matr ix  U is not  needed, it would appear  tha t  one could apply the usual 
diagonatization algorithms to the symmetr ic  matr ix A r A  which has to be formed 
explicitly. However,  as in the case of linear least squares problems, the com- 

* Editor's note. In this fascicle, prepublication of algorithms from the Linear 
Algebra series of the Handbook for Automatic Computation is continued. Algorithms 
are published in ALGOL 60 reference language as approved by the IFIP .  Contributions 
in this series should be styled after the most recently published ones. 
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putation of A T A  involves unnecessary numerical inaccuracy. For example, let 

A =  

then 

so that  
al(A ) -= (2 +fl2)t, a2(A) =[ f l [ .  

I f f l2<eo,  themachineprecision,  t h e c o m p u t e d A r A  h a s t h e f o r m [ l l  11], and 
the best one may obtain from diagonalization is 81 = V ~, 52= o. 

To compute the singular value decomposition of a given matrix A, Forsythe 
and Henrici [2], Hestenes [8], and Kogbetliantz [9] proposed methods based 
on plane rotations. Kublanovskaya [t0] suggested a QR-type method. The 
program described below first uses Householder transformations to reduce A to 
bidiagonal form, and then the Q R algorithm to find the singular values of the 
bidiagonal matrix. The two phases properly combined produce the singular value 
decomposition of A. 

1.2. Reduction to Bidiagonal Form 
I t  was shown in [6] how to construct two finite sequences of Householder 

transformations 
p(k)  = I - -  2 x (k) x (k)~ (k  = t ,  2 . . . . .  n) 

and 
Q(k)=i_2y(~)y  (klr ( k = t ,  2 . . . . .  n - - 2 )  

(where x(k)~x ~1 = y(*)~y(kl = 1) such that 

p(,o . . . / x ~ )  A Qa) . . .  O(--~) = 

-ql % 0 . . . . .  O -  

q2 e3 0 
• , 

• . 0 

O * " " ~ n  

q~ 

an upper bidiagonal matrix. If we let A (1) = A and define 

A(k+½) = p(k) A(*) (k = 1, 2 . . . . .  n) 

A (k+l) = A(k+½)Q (~) (k = 1, 2 . . . . .  n- -2)  

then p(k) is determined such that  

and Q(k) such that  
a(k+½) = 0 (i = k + t ,  m)  t ]~ " ' ' J  

a(k+l) _ ~j - 0  ( i = k + 2  . . . .  ,n). 

~- j (o)  

} (m -n)  x~ 
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The singular values of j(o) are the same as those of A. Thus, if the singular 
value decomposition of j(o) = G X H  T 

then A ---- P G X H r Q  T 

so that  U =  PG, V--=QH with P ~  P(*) ... p(n), Q ~  Q(~) ... Q(--re. 

1.3. Singular Value Decomposition o~ the Bidiagonal Matrix 
By a variant of the Q R algorithm, the matrix j(0) is iteratively diagonalized 

so that  j(o)_+j(1) _+ ... __~ 

where 
j ( ¢ + l )  = S(~)*j(o T(o, 

and S (i), T (~) are orthogonal. The matrices T (° are chosen so that  the sequence 
MCi) =jci)Tj(o converges to a diagonal matrix while the matrices S (0 are chosen 
so that  all j(0 are of the bidiagonal form. In [7], another technique for deriving 
{S 10} and {T(O} is given but this is equivalent to the method described below. 

For notational convenience, we drop the suffix and use the notation 

j - j ( i ~ ,  f ~j(i+l),  s ~ s ( i ) ,  T ~  T (~), M = - j T j ,  M ~ f T f  . 

The transition J - + f  is achieved by  application of Givens rotations to J altern- 
ately from the right and the left. Thus 

- -__  T T T y - S. S(,_11 ... S, y T~ T3... r .  (2) 

S k 

-I o 

o • 

0 

where 

S T 

(k--t) (k) 

t 

cos 0k - -s in  0k 

sin 0k cos 0k 

T 

0 

t 

"° 0 

o t 

(k-~) 
(k) 

and T~ is defined analogously to S~ with 9k instead of 0k. 

Let the first angle, 93, be arbi trary while all the other angles are chosen so 
that  f has the same form as J .  Thus, 

T 2 annihilates nothing, 

S T annihilates {J}21, 

T 3 annihilates {J}l~, 

generates an entry {J}21, 

generates an entry {J}13, 

generates an entry {J}32, 

S~ annihilates {J}~, ~-t ,  and generates nothing. 

(~) 

and finally 

(See Fig. t.) 

2 8* 
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~_I ////-d-C4"W~ 
_ .  

J 
Fig. 1 

This process is frequently described as "chasing". Since f =  STJ T, 

M = f r f  .~ T T M  T 

a n d / ~  is a tri-diagonal matrix just  as M is. We show that  the first angle, q~,, 
which is still undetermined, can be chosen so tha t  the transition M-+/~r  is a 
Q R transformation with a given shift s. 

The usual Q R algorithm with shifts is described as follows: 

M - - s I  = T~R, 

R,T~+sI=~,  (4) 

where T~rTs=I  and R, is an upper  tr iangular matrix.  Thus M s =  TsTMT~. I t  
has  been shown b y  Francis [5] t h a t  it is not  necessary to compute  (4) explicitly 
bu t  it is possible to perform the  shift implicitly. Let  T be for the moment  an 
arbi t rary matr ix  such tha t  

{Ts},, t = {T}k.1 (k = 1, 2 . . . . .  n), 

(i.e., the elements of the first column of T,. are equal to the first column of T) and 

T T T = I .  

Then we have the following theorem (Francis): I f  
i) ~r  --_ T T M  T,  

ii) /~  is a tri-diagonal matrix,  

iii) the sub-diagonal elements of M are non-zero, 

it follows that  ~ r _ - - D ~ s D  where D is a diagonal matr ix  whose diagonal elements 
are 4-1. 

Thus choosing T 2 in (3) such that  its first column is proportional to  that  of 
M --  s I ,  the same is true for the first column of the product  T = T 2 T 3 . . .  T, which 
therefore is identical to  tha t  of T s. Hence, if the sub-diagonal of M does not  
contain any  non-zero en t ry  the conditions of the Francis theorem are fulfilled 
and  T is therefore identical to  T, (up to  a scaling of column ± t). Thus  the 
transit ion (2) is equivalent to the  Q R transformation of j T j  with a given shift s. 

The shift parameter  s is determined by  an eigenvalue of the lower 2 X 2 minor 
of M. Wilkinson [t3] has shown that  for this choice of s, the method converges 
globally and almost always cubically. 
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1.4. Test/or Convergence 
If i e~[ ~ 8, a prescribed tolerance, then i q,~[ is accepted as a singular value, 

and the order of the matrix is dropped by one. If, however, tek[ <:8 for k4=n, 
the matrix breaks into two, and the singular values of each block may be com- 
puted independently. 

If q~= 0, then at least one singular value must be equal to zero. In the absence 
of roundoff error, the matrix will break if a shift of zero is performed. Now, 
suppose at some stage I qkl =< a. 

At this stage an extra sequence of Givens rotations is applied from the left 
to J involving rows (k, k + t), (k, k + 2) . . . . .  (k, n) so that 

ek+l ~ {J},,,+l is annihilated, but  {J)~,,+,, {J},+1,, are generated, 

{J}k.k+~ is annihilated, but  {J}~.~+a, {J}~+,.~ are generated, 

and finally 
{J}~,n is annihilated, and {J}.,k is generated. 

0 

0 

q ~ l  gk+~ 
* , • , 

g. 

The matrix obtained thusly has the form 

(k) 
~ q l  6 2  

• . e / :  

] =  q, 

( ~ k + l  

0 
8,, 

Note that by orthogonality 

(k). 

~ + a L l  + ... +8~=  q~<8,. 
Thus choosing 6 =  ]lJC0)L~o (c0, the machine precision) ensures that all 6 k are 
less in magnitude than ~01[j(0,tL. Elements of f not greater than this are neg- 
lected. Hence ] breaks up into two parts which may be treated independently. 

2. Applicability 

There are a large number of applications of the singular value decomposition; 
an extensive list is given in [7]. Some of these are as follows: 

2.1. Pseudoinverse (Procedure SVD) 
Let A be a real m × n matrix. An n × m matrix X is said to be the pseudo- 

inverse of A if X satisfies the following four properties: 
i) A X A = A ,  

ii) X A X = X ,  
iii) (A X) T = A X,  
iv) (XA)T=XA. 
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The  unique  solut ion is deno ted  b y  A ÷. I t  is easy  to  ver i fy  t ha t  if A =  U.~V T, 
t hen  A ÷= V2~ ÷ U T where 27 + = diag(a~) and  

{lO/a , for a , > 0  
a ~ =  for a ~ = O .  

Thus  the  pseudoinverse  m a y  easily be computed  from the ou tpu t  p rov ided  b y  
the  procedure  SVD. 

2.2. Solution o/Homogeneous Equations (Procedure S VD  or Procedure Minfit)  

Let  A be a m a t r i x  of r ank  r, and  suppose we wish to  solve 

Ax~=O for i = r + l  . . . . .  n 

where 0 denotes  the  null  vector.  

Le t  
U = [ u  1 , u  2 . . . . .  u~] and  V----[v 1 ,v  2 . . . . .  v~]. 

Then since A v i = a i ui (i = 1, 2 . . . .  n), 

A v i = O  for i = r + t  . . . . .  n 
and  x i = v i. 

Here  the  procedure  SVD or the  procedure  Minfit  with p = 0 m a y  be used 
for de te rmin ing  the  solution.  I f  the  r ank  of A is known,  then a modif icat ion of 
the  a lgor i thm of Businger  and Golub [1 ] m a y  be used. 

2.3. Solutions o /Minimal  Length (Procedure Min[it) 

Let  b 1 be a given vector.  Suppose we wish to  de termine  a vec tor  x so t ha t  

[[ bl - -  A x[[2 = min (5) 

I f  the  r ank  of A is less t han  n then  there  is no unique solution. Thus  we require 
amongs t  all  x which sa t is fy  (5) t h a t  

[I ~[[2 = min 

and  this  solut ion is unique.  I t  is easy  to  ver i fy  t h a t  

~ = A÷ bx = V Z,+ UT bl =_ V Z+ Cl . 

The procedure  Min/it  with p > 0 will y ie ld  V, ~, q . . . . .  %. Thus the user is able 
to  de te rmine  which s ingular  values are to  be declared as zero. 

2.4. A Generalization o/the Least Squares Problem (Procedure S V D )  

Let  A be a real  m × n m a t r i x  of r ank  n and  let  b be a given vector.  We  wish 
to  cons t ruc t  a vec tor  x such t ha t  

(A + A A ) x = b + A b  
and  

t race  (AATAA) + K~ A bZ A b = rain.  
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Here K > O  is a given weight and the standard problem is obtained for K--~O. 
Introducing the augmented matrices ~---- (A, Kb) and z]~i = (z]A, KA b) and the 
vector 

we have to minimize trace(AArA.,~) under the constraint (A +A., t ) .~=O. For 
fixed :7 the minimum is attained for AA~ = _ ~ . ~  ~r/~.r:~ and it has the value 
~r~rTl ~[~r ~. Minimizing with respect to ~ amounts to the computation of the 
smallest singular value of the matrix A and .~ is the corresponding column of 
the matrix V in the decomposition (1) with proper normalization [3]- 

withu 
withy 
eps 

tol 

a l l : m ,  1:3] 

q El : n] 

u[t :m, 1 :hi 

v[t:n, l:n] 

m 

P 
eps 
tol 
ab[l :max(re, n), I : n + p ]  

3. Formal Parameter List 

8.1. Input to Procedure SVD 

number of rows of A, m >-- n. 
number of columns of A. 
t rue  if U is desired, fa l se  otherwise. 
t rue  if V is desired, folse  otherwise. 
a constant used in the test for convergence (see Sec- 
tion 5, (iii)); should not be smaller than the machine 
precision e 0, i.e., the smallest number for which 
i + so> t in computer arithmetic. 
a machine dependent constant which should be set 
equal to r/e0 where fl is the smallest positive number 
representable in the computer, see [1 t ]. 
represents the matrix A to be decomposed. 

Output of procedure S VD. 
a vector holding the singular values of A ; they are non- 
negative but not necessarily ordered in decreasing se- 
quence. 

represents the matrix U with orthonormalized columns 
(if withu is true ,  otherwise u is used as a working 
storage). 

represents the orthogonal matrix V (if withy is t rue ,  
otherwise v is not used). 

3..2. Input to Procedure Min[it 

number of rows of A. 
number of columns of A. 
number of columns of B, p >= O. 
same as for procedure SVD. 
same as for procedure SVD. 
ab [i, j] represents ai, ~., 1 --< i --< m, t ~ j ~ n, 
ab[i ,n+i ] represents bi, i, 1<~i<_m, l ~ i ~ p .  
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Ou tpu t  of procedure Min/it. 

a b [ t : m a x ( m , n ) , t : n + p ]  ab[i,j] represents  vi, j, t~ i<- -n ,  t<=i<=n, 
ab[i, n +/ ' ]  represents Q,i, t ~-- i <-- max(m, n), t ~_~_p 
viz. C =  U~rB. 

q[t :n] same as for procedure SVD. 

4. ALGOL Programs 

procedure SVD (m, n, withu, withv, eps, to O data: (a) result: (q, u, v); 
v a l u e  m, n, withu, withy, eps, tol ; 
integer m, n; 
Boolean withu, withy; 
r e a l  eps, tol ; 
a r r a y  a, q, u, v; 

c o m m e n t  Computa t ion  of the singular values and  complete or thogonal  decom- 
position of a real rectangular  mat r ix  A, 

A ----- U diag (q) V r, U T U = V r V ---- I ,  

where the  arrays  a[ t  :m, 1 :n], u[ t  :m, 1 :n],  vi i  :n, 1 :hi ,  qEl :n]  re- 
present  A, U, V, q respectively.  The ac tual  pa ramete rs  corresponding 
to a, u, v m a y  all be identical  unless withu=withv = t r u e .  In  this 
case, the actual  pa ramete rs  corresponding to u and v mus t  differ. 
m ~ n is assumed;  

begin 
integer i, j, k, l, l l ;  
real c, / ,  g, h, s, x, y, z; 
array  e[t : n] ; 
for  i : =  t step t until m do 
for ~" : =  t step t until n do u[i, j] : =  a[i, ~] ; 

comment  Householder ' s  reduction to  bidiagonal form;  
g : =  x:--= O; 
for i :---- I step 1 until n do 
begin 

e[i]:=g;  s : = 0 ;  l : = i + t ;  
f o r  i : =  i s t e p  t unti l  m d o  s : =  s +u[ / ' ,  i ~ 2 ;  
i f  s <  tol then g : =  0 else 
begin 

/ : =  u[ i ,  i ]  ; g : =  i f  [ <  0 then sqrt(s) else - -  sqrt (s); 
h : = / X g - - s ;  u[i,i] : =  l - - g ;  
f o r  j : =  t s t e p  t unt i l  n d o  
begin 

s : =  0; 
for k : =  i step t until m do s : =  s + u [ k , i ]  xu[k,  j]; 
/ :---- s/h; 
for  k : =  i s t e p  t unt i l  m d o  u[k,/'] : =  u[k, i] + / x u [ k ,  i] 

end i 
end s; 
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q[i] :---- g; s : =  O; 
fo r  j :---- t step I unt i l  n do s :---- s + u[i, j]~2; 
i fs< t0 l  then g:~- 0 else 
begin 

/ : =  u[i, i + t ] ;  g : =  i f / < O  t h e n  sqrt(s) e l se  --sqrt(s); 
h:---/×g--s; u[ i , i+ i ] : -~ / - -g ;  
f o r  i : =  1 step I unt i l  n do e[i] : =  u[i, j]/h; 
fo r  j : =  l s t ep  t un t i l  m do  

begin 
S : - -  O; 
fo r  k : =  1 s t ep  I un t i l  n do  s : =  s + u [ i ,  k] ×u[i, kJ; 
f o r  k : =  l step t unt i l  n do u[j,  k] : =  u[i, k] +s×e[k] 

end i 
end s; 
y : =  abs(q[i]) +abs(e[i]); if y >  x then  x : =  y 

end i; 

c o m m e n t  accumulat ion of r ight-hand t ransformat ions;  
i f  withy then  f o r  i : =  n step - -  I unt i l  I do  

begin 
if g # 0 then 
begin 

h:= u[i,i +l] × g ;  

f o r  j : =  l step 1 unt i l  n do vEi, i] : =  u[i, i]/h; 
f o r  1" : =  l step t unt i l  n do 

begin 
s:----O; 

fo r  k:---- l s t ep  1 un t i l  n do  s : =  s+u[i, k] ×v[k,i]; 
f o r  k :---- l step t unt i l  n do v[k, i] : =  v[k, i] +s×v[k, i] 

end i 
end g; 
f o r  i : =  l step 1 until n do vii, j] := vii, i] : =  O; 
vii, i]:=1; g:=e[i]; l : = i  

end i; 

c o m m e n t  accumulat ion of lef t -hand t ransformations;  
if withu t h e n  fo r  i : ~  n s t ep  - -  t un t i l  1 do  

begin 
/ : = i + I ;  g:=q[i]; 
f o r  j :-= l s t ep  ! u n t i l  n do  u[i, i] :---- O; 
if g 4= 0 then  

begin 
h :---- u[i, i] ×g; 
f o r  j : =  l s t ep  t un t i l  n do  
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begin 
s :~-: O; 
for k : =  l step I until m do s :---- s +u [k ,  i] xu[k,/ '];  
I : = s / h ;  
f o r  k : =  i s t e p  t u n t i l  m d o  uEk, ]] :-~ u[k, ]]  + / x u [ k ,  i]  

end ]; 
for i:---- i step 1 until m do u[] ,  i] :---- u[ ] ,  i]/g 

end g 
else for ]:----- i step / until m do u[j, i] : =  O; 
u[i,  ~:] : =  uEi, i] + 1  

end i; 

commen t  diagonalization of tile bidiagonal form; 
eps : = eps X x; 
for  k : =  n step - -  t until t do 
begin 

test / splitting: 
f o r  l : =  k s t ep  - -  l unt i l  I d o  
begin 

i f  abs (ell]) _<--- eps then goto  test / convergence; 
if abs (q[1-- t]) ~_ eps then goto cancellation 

end l; 

c o m m e n t  cancellation of ell] if l > t ; 
cancellation: 

c : = 0 ;  s : = t ;  1 1 : = I - - 1 ;  
f o r  i :---- l s t e p  I u n t i l  k d o  

b e g i n  
1 : = s x e [ i ]  ; e [ i ]  : = c x e [ i ]  ; 
if abs (]) ~ eps t h e n  g o t o  test / convergence; 
g : =  q[i];  h:---- q[i] : =  s q r t ( / x / + g x g ) ;  c:---- g/h; s : =  -- i /h;  
if withu t h e n  for /"  :------ I s t e p  1 unt i l  m d o  
begin 

y : =  u[l', ll]; z : =  u[], i];  
u[j, ll] : =  y x c  + z X s ;  u[], i] :-~ -- y x s + z X c  

end i 
end i; 

test / convergence: 
z : =  q[k] ; if l = k t h e n  g o t o  convergence; 

c o r n  m e n t  shift f rom bo t tom 2 X 2 minor;  
x:__ el/I;  y:---- q [ k - - t ] ;  g : =  e l k - - l ] ;  h : =  e[k]; 
/ : =  ((y--z) x(y +z) +(g--h) x(g +h))/(2xh x y); g:---- sqrt(/xt + l); 
/ : =  ((x --z) X (x + z) + h X ( y / ( i f / <  0 t h e n / - - g  e l se  / +g) --h))/x; 

c o m m e n t  next  Q R t ransformation;  
c : ~ - ~ s : =  t ;  
for  i : =  l + I  step I until k do 
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b e g i n  
g:------ eEi~; y : = q [ i ] ;  h : = s x g ;  g : = c × g ;  
e l i - - l ]  :=  z : =  s q r t ( / x /  + h × h ) ;  c:-~ //z; s : =  h/z; 
/ : - - - - x × c + g × s ;  g : = - - x × s + g × c ;  h : = y x s ;  y : = y × c ;  
if  withy t h e n  f o r  j : =  t s t ep  t unti l  n d o  
begin 

x : =  vEi, i - l J ;  z : =  vEj, ¢1; 
v[ i , i - t ]  : =  x x c + z x s ;  v[i,i]:= - x x s + z x c  

end i; 
q [i --  t ] : = z : = sqrt ( /X  / + h x h) ; c : = / / z ;  s : = h/z; 
/ : = c x g + s x y ;  x : - - - - - - s x g + c x y ;  
if withu then for j : =  I step t until m do 
begin 

y : =  u ~ j , i - - l ] ;  z:=u[j, il; 
u[ i , i - l~  : =  y x c + z x s ;  u[i,i ] : =  - y x s + z x c  

end i 
end i ;  
eel] : =  0; e[k] : = / ;  qCk] : =  x; g o t o  test / splitting; 

convergence: 
if z < 0 then 
begin comment q[k] is made non-negative; 

q[k] : =  - -z ;  
i f  withy t h e n  f o r / : =  I s tep t unti l  n d o  v[i, k~ : =  - -v i i ,  k] 

end z 
end k 

end SVD; 

procedure Minf i t  (m, n, p, eps, tol) trans: (ab) result: (q); 
v a l u e  m, n, p, eps, tol ; 
i n t e g e r  m, n, p; 
rea l  eps, tol; 
a r r a y  ab, q; 

c o m m e n t  Computation of the matrices diag(q), V, and C such that  for given 
real m × n  matrix A and m × p  matrix B 

U~A V ---- diag (q) and U ~ B  -~ C with orthogonal matrices U c and V. 

The singular values and the matrices V and C may  be used to de- 
termine X" minimizing (t) IIA X -  Bib and (2) llXtI~ v~th the solution 

X = V x Pseudo-inverse of diag (q) X C. 

The procedure can also be used to determine the complete solution 
of an underdetermined linear system, i.e., rank ( A ) :  m <  n. 

Tile array q[t :n] represents the matrix diag(q). A and B together 
are to be given as the first m rows of the array ab[l : max  (m, n), t : n + p]. 
V is returned in the first n rows and columns of ab while C is returned 
in the last p columns of ab (if p > 0); 
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begin 
i n t e g e r  i,  j ,  k, l, 11, nl ,  np ; 
r e a l  c, /, g ,h ,s ,  x, y , z ;  
array el l  : n] ; 

c o m m e n t  Householder ' s  reduct ion to b id iagonal  form;  
g : =  x : =  0; n p : = n + p ;  
f o r  i : =  I s t e p  1 un t i l  n d o  
begin 

e[i]:=g;  s:----0;  l : - - - - i + t ;  
f o r  j :---- i s t e p  t un t i l  m d o  s : =  s +ab[i, i1~2; 
i f  s < tol t h e n  g : = 0 e l s e  
begin 

/ := ab [i, i~ ; g : = if  / < 0 t h e n  sqrt (s) e l s e  - -  sqrt (s) ; 
h : =  ~×g--s ;  ab[i,i~ : =  l - -g ;  
for  j :---- l step i unt i l  np do 
begin 

s : = 0 ;  
f o r  k : =  i s t e p  t un t i l  m d o  s : =  s+ab[k,  i] ×ab[k, ~']; 
/ : =  s/h; 
f o r  k :---- i s t e p  I u n t i l  m d o  abEk, i] : =  abe k, ~] +/×abEk, i] 

end i 
end s; 
q[i] : =  g; s : =  0;  
if  i =< m t h e n  f o r  j :---- l s t e p  1 u n t i l  n d o  s :----- s + ab[i, j]~2; 
if  s <  tol t h e n  g : =  0 e l s e  
begin 

/ : - -  ab[i, i + t l ;  g : =  i f / < 0  t h e n  sqrt(s) e l s e  --sqrt(s); 
h : = / × g - - s ;  a b [ i , i + l l : = / - - g ;  
f o r  j :---- 1 s t e p  t un t i l  n d o  e[j] : =  abEi, i]/h; 
f o r  ~' :---- l s t e p  t un t i l  m d o  
b e g i n  

s : =  0; 
f o r  k : =  l s t e p  1 u n t i l  n d o  s :-~ s +ab[~, k] ×ab~i, k];  
f o r  k : =  l s t e p  t u n t i l  n d o  abEi, k] : =  ab[~, k] +s×e[k l  

end i 
end s; 
y : =  abs(q[i~) +abs(e[i~); i f  y >  x then x :---- y 

end i; 

commen t  accumula t ion  of r igh t -hand  t rans format ions ;  
f o r  i : =  n s t e p  - -  t u n t i l  t d o  
begin 

if g 4:0 then 
begin 

h : =  ab[i, i + 1 ]  ×g; 
f o r  i :---- l s t e p  t un t i l  n d o  abEi, i] : =  ab[i, i]/h; 
for  j : =  l step t unt i l  n do 



Singular Value Decomposition and Least  Squares Solutions. G. H. Golub et al. 415 

begin 
s : = 0 ;  
f o r  k : =  l s t e p  1 until  n d o  s : =  s +ab[i, k I ×ab[k, ~']; 
f o r  k : =  l s t e p  I until  n d o  ab[k, Jl : =  ab[k, j] +s×ab[k,  i] 

end i 
end g; 
f o r  j : =  l step 1 until n do ab[i, i] : ~  ab[j, i ] :---- O; 
a b [ i , i ] : = t ;  g:-- - -e l / I ;  l : = i  

end i; 
eps :-= eps X x; n l  :-= n + 1 ; 
f o r  i :---= m + 1 s tep  t until  n do  
f o r  i :---= nl  s t e p  1 until  np d o  ab[i, ?'] :---- 0; 

c o m m e n t  d iagonal iza t ion of the  bidiagonal  form; 

f o r  k:---= n s t e p  - - I  until  t d o  
begin 

test / splitting: 
fo r  l : =  k step - - t  until I do 
begin 

i f  abe (el/I) < eps then goto test / convergence; 
if  abe (q[l -- t ])  =< eps t h e n  g o t o  cancdlation 

end l; 

c o m m e n t  cancel la t ion of eel] if l > 1 ; 
cancellation : 

c : = 0 ;  s : = t ;  1 1 : = l - - 1 ;  
f o r  i : =  l s tep  t until  k do  
begin 

1 : =  sxe [ i ] ;  e[i] : =  cxeEi]; 
i f  abe(l) ~ eps t h e n  g o t o  test / convergence; 
g:-= q[i]; q[i] :---- h : =  sqr t ( /× /+g×g) ;  c : - -  g/h; s : =  --//h; 
f o r  j : =  nl  step I until np do 
begin 

y : =  ab[ll, j ] ;  z : =  ab[i, j ] ;  
ab[ll, i] : =  c x y + s x z ;  ab[i,i] : =  - - s x y + c × z  

end i 
end i; 

test / convergence: 
z :---- q[k] ; if  l = k t h e n  g o t o  convergence; 

c o m m e n t  shift  from b o t t o m  2 x 2 minor;  
x:=q[ l] ;  y : = q [ k - - l ] ;  g :=-e[k- - t ] ;  h:=e[k];  
/:---- ((y - -z)  x ( y  +z) + ( g - - h ) x ( g + h ) ) l ( 2 x h x y ) ;  g : = s q r t ( l x /  + t); 
/ : =  ((x--z)  x ( x + z )  + h x ( y / ( i f [ <  0 t h e n / - - g  e l s e / + g ) - - h ) ) / x ;  

c o m m e n t  nex t  Q R  t rans format ion ;  
c : =  s : =  1; 
f o r  i : =  1 + 1  step t until k do 
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begin 
g:-~e[i];  y : = q [ i ] ;  h : = s × g ;  g : = c × g ;  
eli - - t1  :---- z:---- s q r t ( / × / + h × h ) ;  c:----//z; s := h/z; 
/ : = x × c + g × s ;  g : = - - x × s + g × c ;  h : = y × s ;  y : ~ - - y x c ;  
for  j :---- ~ step t until n do  
begin  

x : =  a b [ i , i - - l ] ;  z : =  abe', i];  
a b [ i , i - - i ]  :---- x x c  + z × s ;  ab[i,i] : =  - - x x s + z × c  

end i ;  
q [ i - - t ]  :---- z:----- s q r t ( / x / + h x h ) ;  c : = / / z ;  s : =  h/z; 
/ : = c x g + s × y ;  x:-~  - - s × g + c × y ;  
for i : =  n l  step l until np do 
begin 

y :-~ ab [i --  l, i] ; z : = ab [i, i] ; 
a b [ i - - t , i ]  := c × y + s x z ;  ab[i, i] :---- - - s × y + c × z  

end i 
end i; 
e[l] :----- 0; e[k] : = / ;  q[k] : =  x; g o t o  test / splitting; 

convergence: 
if z <  0 then 
begin  c o m m e n t  q[k] is made non-negative;  

q[k] :-- - - z ;  
for  ~" : =  I step t until n do  ab[~, k] : =  --ab[~, k] 

end z 
end k 

end Min/ i t ;  

5. Organizational and Notational Details 

(i) The matr ix U consists of the first n columns of an orthogonal matr ix U c. 
The following modification of the procedure S V D  would produce U~ instead of U: 
After 

comment  accumulat ion of left-hand transformations;  
insert a s ta tement  
if withu then for i :------ n + t step 1 until m do  
begin 

for j : =  n + t  step ~ until m do u[i , i]  :---- 0; 
u[i ,  i] :--- 1 

end i; 
Moreover, replace n by  m in the fourth and  eighth line after that ,  i.e., write 
twice for  { : =  l step t until m do. 

(ii) m > n  is assumed for procedure SVD.  This is no restriction; if r e < n ,  
store A r, i.e., use an a r ray  at[t :n, t :m] where at[i, j] represents aj,~ and call 
SVD(n ,  m, withv, withu, eps, tol, at, q, v, u) producing the m ×m matrix U and 
the n × m  matr ix V. There is no restriction on the values of m and n for the 
procedure Min/i t .  
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(iii) In the iterative part  of the procedures an element of j(o is considered 
to be negligible and is consequently replaced by zero if it is not larger in magnitude 
than e x where e is the given tolerance and 

x----- max (Iqil + I~,l)- 

The largest singular value a 1 is bounded by x/V2 <= a 1 <= xV2. 

(iv) A program organization was chosen which allows us to save storage loca- 
tions. To this end the actual parameters corresponding to a and u may  be identical. 
In this event the original information stored in a is overwritten by  information 
on the reduction. This, in turn, is overwritten by  u if the latter is desired. Like- 
wise, the actual parameters corresponding to a and v may agree. Then v is stored 
in the upper part  of a if it is desired, otherwise a is not changed. Finally, all 
three parameters a, u, and v may be identical unless withu ~ withy----true. 

This special feature, however, increases the number of multiplications needed 
to form U roughly by a factor rain. 

(v) Shifts are evaluated in a way as to reduce the danger of overflow or under- 
flow of exponents. 

(vi) The singular values as delivered in the array q are not necessarily ordered. 
Any sorting of them should be accompanied by the corresponding sorting of the 
columns of U and V, and of the rows of C. 

(vii) The formal parameter list may be completed by the addition of a limit 
for the number of iterations to be performed, and by the addition of a failure 
exit to be taken if no convergence is reached after the specified number of itera- 
tions (e.g., 30 per singular value). 

6. Numerical Properties 

The stability of the Householder transformations has been demonstrated by  
Wilkinson [t21. In addition, he has shown that  in the absence of roundoff the 
Q R algorithm has global convergence and asymptotically is almost always cubically 
convergent. 

The numerical experiments indicate that  the average number of complete 
Q R iterations on the bidiagonal matrix is usually less than two per singular 
value. Ext ra  consideration must be given to the implicit shift technique which 
fails for a split matrix. The difficulties arise when there are small qk's or ek's. 
Using the techniques of Section t.4, there cannot be numerical instability since 
stable orthogonal transformations are used but under special circumstances there 
may  be a slowdown in the rate of convergence. 

7. Test Results 

Tests were carried out on the UNIVAC t t08 Computer of the Andrew R. Jen- 
nings Computing Center of Case Western Reserve University. Floating point 
numbers are represented by a normalized 27 bit mantissa and a 7 bit exponent 
to the radix 2, whence eps= 1.51o--8, tol=1o--3t .  In the following, computed 
values are marked by a tilde and re(A) denotes max I ai, jl. 
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First example: 

m 

22 

t4 

- - t  

- 3  
A =  

9 

9 

2 

4 

10 2 3 

7 10 0 

t3 - -1  - - t t  

- -2  t 3 - -2  

8 1 - 2  

t - - 7  5 

- - 6  6 5 

5 0 - 2  

a~ = Vt248 ,  ,7~ = 20 ,  

7- 

8 

3 

4 
B =  

4 

- - t  

t 

2 

- - 1  t 0 -  

2 --1 t 

t 10 t t  

4 0 4 

o - - 6  - - 6  

- 3  6 3 

I t l  t2 

0 --5 - -5  

a 4 ~ a ~ = 0 .  

The homogeneous system A x = 0 has two linearly independent solutions. Six 
Q R transformations were necessary to drop all off-diagonal elements below the 
internal tolerance 46.41o--8. Table I gives the singular values in the sequence 
as computed by procedures SVD and Min/it. The accuracy of the achieved de- 
composition is characterized by 

m(A -- U ~ V  r) = 23810 - -8 ,  m(U "T 0 --  I) = 8Alo - -8 ,  m ( v T v  --  I) = 3-31o - -  8. 

Because two singular values are equal to zero, the procedures SVD and Min/it 
may  lead to other ordefings of the singular values for this matrix when other 
tolerances are used. 

Table t 

0.9610 - -  7 - - 9 . 6  | 

19.595916 191 / 
I9.999999 143 ~X 
1.971o--7 --t9.7 [ 

35.327038 5t8 / 

lO-S 

The computed solutions of the homogeneous system are given by  the first 
and fourth columns of the matrix V (Table 2). 

Table 2 

~1 F, vx--~x v4--~4 

--0 .4t90 9545 0 
0.4405 09t2 0.4185 4806 

--0.0520 0457 0.3487 9006 
0.6760 5915 0.244t 5305 
0.4129 7730  --0.8022 t713 

-- 1.5 0 (Def.) 
1.7 0.6 
1 .2  - -  1.3 

1 . 0  0.3 
1.3 --0.8 

X 10 -8 
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Procedure Minfit was used to compute the solutions of the minimization 
problem of Section 2.3 corresponding to the three f ight-hand sides as g/ven by  
the columns of the matr ix B. Table 3 lists the exact  solutions and the results 
obtained when the first and fourth values in Table t are replaced by  zero. 

Table 3 

- ~ / t 2  o - 1/12 
o o o 
1/4 0 11/4 

- 1 / t 2  o - 1/12 
~/12 o t/12 

Residual 
o 8 V g  8 VS 

-0.0833 3333 o.t710 - 8 - 0.0833 3333 
-o .5810-8  - 1.o9i0-8 - 1 . 1 t l . - 8  

0.2500 0002 1.551o -- 8 0.2500 0003 
--0.0833 3332 0.741o-- 8 --0.0833 3332 

O.0833 3334 0.33io -- 8 0.0833 3334 

A second example is the 20 × 2t matrix with entries 

0 if i >  i 
ai, j =  - - i  if i = j  t=<i--~20 

t if i < / '  l ~ j ~ 2 1  

which has orthogonal rows and singular values a a i - ~ - - V ~ k  + t ) ,  k = 0  . . . . .  20. 
Theoretically, the Householder reduction should produce a matr ix rio) with 
diagonal - -  20, 0 . . . . .  0 and super-diagonal - -  V20, as . . . . .  a~0. Under the influence 
of rounding errors a total ly different matr ix  results. However, within working 
accuracy its singular values agree with those of the original matrix. Convergence 
is reached after 32 QR transformations and the ~ ,  k = t  . . . . .  20 are correct 
within several units in the last digit, 8zi = t . 6 t i o -  t t .  

A third example is obtained if the diagonal of the foregoing example is 
changed to 

ai, i =  1 , 1_~i_<20.  

This matr ix  has a cluster of singular values, axo to al9 lying between t.5 and t.6, 
a~o----V 2, a21 = o. Clusters, in general, have a tendency to reduce the number  of 
required iterations; in this example, 26 iterations were necessary for convergence. 
a~l = 1.491o--8 is found in eighteenth position and the corresponding column 
of V differs from the unique solution of the homogeneous system by  less than  
3 . 4 i o -  8 in any  component.  

A second test was made by  Dr. Peter Businger on the CDC 6600. 

A third test was performed on the IBM 360/67 at Stanford University. The 
example used was the 30 ×30  matr ix with entries 

aq = if i---- j" 

- -  i f  i <  i .  

The computed  singular values are given in Table 4. 

29 Numer. Math., Bd, 14 
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Table 4. Singular values 

t8.2029 0555 7529 2200 6.223t 9652 2604 2340 3.9134 8020 3335 6160 2.9767 9450 2557 7960 
2.4904 5O62 9660 357O 2.2032 0757 4479 9280 2.0191 8365 4054 586O 1.8943 4154 7685 689O 
t.8059 1912 66t2 3070 1.741t 3576 7747 9500 1.6923 5654 4395 2610 1.6547 9302 7369 3370 
1.6253 2O89 2877 9290 t.6018 3335 6666 2670 1.5828 6958 8713 6990 1.5673 9214 448O 0070 
t.5546 48890t09 372O 1.5440 8471 4076 05t0 t.5352 8356 5544 9020 t.5279 295t 2160 3O4O 
t.52f7 8003 9063 4950 t.5t66 474t 2836 7840 1.5123 8547 3899 695O t.5088 8015 6801 885O 
1.50604262 0723 9700 t.5038 0424 3812 6520 1.502t t297 6754 006O 1.5009 307t t977 06t0 
t.5002 3t43 4775 4370 0.0000 0000 2793 9677 

N o t e  t h a t  130/11~ ! .53 × t 0  -1° so t h a t  th is  m a t r i x  is v e r y  close to  be ing  a 
m a t r i x  of  r a n k  29 e v e n  t h o u g h  t h e  d e t e r m i n a n t  equa l s  t .  
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